INTRODUCTION {#SEC1}
============

A central problem in biology is understanding the spatial organization of the genome inside a cell nucleus and how 3D genome folding dictates important cell activities such as gene expression ([@B1]). Recent development of chromosome conformation capture (3C) and related techniques (4C, 5C, Hi-C) enabled large-scale discovery of long-range chromatin looping interactions among distant chromosomal elements ([@B2]--[@B7]). The discovery of Topologically Associated Domains (TADs) with elevated chromatin interactions ([@B8],[@B9]) suggests a detailed structural network involving binding of architectural proteins ([@B10]). These findings point to likely 3D structural units of chromatin that accommodate spatial clustering of different regulatory elements and transcription factors important for cell activities.

Chromatin is highly dynamic and experiences significant conformational changes ([@B11]). As 3C data are averaged over cell populations and may reflect a mixture of different conformations at a particular moment, it is important to uncover an ensemble of 3D structures of a gene locus and assess the occurrence of different structures that collectively best describe the bulk measurements ([@B12]). This would enable precise structural measurements and identification of spatial organizational units of genomic elements.

To overcome the limitations of the pairwise nature of chromosome conformation capture data and to gain detailed mechanistic understanding of gene regulation, there have been significant efforts in constructing 3D structures of chromatin. Current 3D polymer models can be categorized as either thermodynamics-driven or data-driven models ([@B13]). Thermodynamics-driven models are based on minimal physical assumptions and sometimes incorporate empirically additional information such as CTCF ([@B14]--[@B16]), epigenetics states ([@B14],[@B17]), or 3C related data ([@B18],[@B19]). They have revealed important information on the general folding principles of genome ([@B5],[@B14]--[@B26]). For example, a recent model based on energy landscape can reproduce experimentally captured interaction patterns of human genome using parameters derived from one chromosome and transferred to other chromosomes ([@B14]). The formation of TADs ([@B16],[@B17]) can also be predicted. However, such models are often general models that do not provide detailed spatial structures necessary for understanding the underlying mechanism of differential gene expression ([@B5],[@B16],[@B17],[@B20]--[@B26]), or provide details only on CTCF interactions ([@B15]). Others have limited resolution for capturing finer structural differences of a small locus ([@B14],[@B18]). While there has been important recent success in identifying specific driver interactions for small loci (∼150 kB) ([@B19]), it requires significant amount of simulation that is difficult to scale up.

Data-driven models generate 3D ensemble of chromatin chains using 3C-related (4C/5C/Hi-C) data and can provide rich information on biological properties of genomic elements ([@B27]--[@B36]). For example, experimentally obtained interaction patterns can be reproduced computationally with simple assumptions ([@B27],[@B28],[@B31]--[@B33],[@B36]), with co-localization of co-expressed genes uncovered ([@B33]) and TAD boundaries predicted ([@B36]). However, it is challenging to computationally generate well-sampled ensembles of high-resolution chromatin chains and to quantify the occurrence of different chain configurations ([@B29],[@B30]). In addition, the majority of these models have been designed to study overall genome organization and cannot provide detailed information on a specific locus ([@B27],[@B28],[@B31]--[@B33],[@B36]). Furthermore, current constraint-based models cannot distinguish specific interactions from non-specific interactions.

In this study, we describe the *n* Constrained-Self-Avoiding Chromatin (n[C-SAC]{.smallcaps}) method for constructing 3D ensemble of chromatin structures from 3C-related measurements and for identifying specific interactions that may be important to drive the formation of spatial structures of gene loci. We focus on the α-globin locus and predict detailed configurations of ensembles of chromatin chains based on 5C-derived constraints ([@B29]).

As measurements from 3C-related techniques impose a large number of proximity constraints, existing data-driven methods based on spatial constraints have difficulties in distinguishing specific interactions from non-specific interactions ([@B13]), which arise from random interactions due to non-specific collision of chromosomal regions to one another ([@B37]). We developed a two-staged approach to overcome this problem. In the first stage, we examine chromatin interactions arising solely from the effects of the finite volume of cell nucleus and the self-avoiding nature of the chromatin. Specifically, we generate 100,000 random self-avoiding chromatin chain conformations inside the crowded cell nucleus, which are used as the null model. The nC-SAC model then identifies the most significant 5C interactions and separate them from non-specific interactions in the α-globin locus. In the second stage, the significant interactions are imposed as spatial constraints for construction of 3D models of chromatin chains. By using the geometrical Sequential Importance Sampling (g-SIS) technique, we overcome severe sampling problems and generate large ensembles of 3D chromatin chains of the α-globin locus for two cell lines with different expression levels. These ensembles satisfy ∼90% of the imposed constraints of significant 5C interactions.

We further examine the functional consequences of the structures of α-globin locus in gene regulation. Our structural model predicts a large number of novel looping interactions with spatial details that were not captured by the original 5C experiment due to lack of primer coverage. A subset of our predicted interactions are shown in two independent ChIA-PET studies to be mediated by proteins such as CTCF, RNAPII, RAD21 and are associated with concurrent histone modifications ([@B38],[@B39]). Analysis of a second null model, where the position of interaction pairs are randomized, indicates that the association of these newly discovered interactions with functional elements is highly significant. Our model further suggests the existence of a many-body structural unit involving α-globin gene, enhancers HS40/46/48, and POL3RK gene for regulating α-globin expression in the silent cell line. In addition, our models uncover global differences in the spatial structures of the α-globin in cells with high and low expression. More particularly, our findings suggest that a homogeneous and dominant structural population of the locus may be associated with the high expression level of the α-globin. Furthermore, interactions identified by the n[C-SAC]{.smallcaps} method, including predicted novel interactions, may play important roles as driver interactions for the formation of the ensemble structures of α-globin.

MATERIALS AND METHODS {#SEC2}
=====================

The overall computational pipeline of nC-SAC is illustrated in Figure [1](#F1){ref-type="fig"}. In stage 1, the interaction frequencies obtained from the 5C study ([@B29]) are compared to the interaction frequencies of a random C-SAC ensemble (Figure [1A](#F1){ref-type="fig"} and [B](#F1){ref-type="fig"}) ([@B40]). For this purpose, an ensemble of 100,000 C-SAC chains ([@B40]) confined to a sphere is generated (Figure [1A](#F1){ref-type="fig"}). This ensemble is then bootstrapped 1000 times and the *P*-value of observing the experimentally captured interaction frequency in the random ensemble is calculated. The obtained *P*-values are then corrected for multiple hypothesis testing (Figure [1C](#F1){ref-type="fig"}). A direct relationship between interaction frequency and spatial distance was observed experimentally ([@B41]). Thus, significant 5C interaction frequencies at the False Discovery Rate of α \< 5% (Figure [1D](#F1){ref-type="fig"}) are converted into spatial distances using a half-Gaussian model (Figure [1E](#F1){ref-type="fig"}). In stage 2, an ensemble of 10,000 3D chromatin chains that satisfy these spatial distance constraints are then generated using the technique of g-SIS (Figure [1F](#F1){ref-type="fig"}). A full resolution interaction map is computed from the generated ensemble of structures (Figure [1G](#F1){ref-type="fig"}).

![The nC-SAC computational pipeline to predict structural ensembles of chromatin chains from 5C data. (**A**) The interactions of a random 3D ensemble of 10^5^ C-SAC chains in cell nucleus generated to obtain a contact matrix of random interactions. (**B**) 5C interactions are compared with (**C**) 1000 bootstrapped random contact matrices to calculate the *P*-value of each interaction. (**D**) After FDR adjustment for multiple hypothesis testing, only significant 3D interactions are considered. (**E**) These remaining significant 5C interactions are normalized and converted into distances using a half-Gaussian model. (**F**) An ensemble of \>10^4^ 3D-chains of the locus is then generated under these constraints and (**G**) a full resolution contact map is computed and compared to (B).](gkx784fig1){#F1}

Mapping 5C data on to a polymer chain {#SEC2-1}
-------------------------------------

We model the α-globin chromatin chain as a polymer chain under confinement, following our previous study on the volume effects of cell nucleus on human chromosome folding ([@B40]). In this model, we represent the chromatin as a collection of beads and the chain is constrained by 5C interaction frequencies and the confinement of the cell nucleus. We divide the 500 kb locus into 184 beads, each corresponds to 2.7 kb DNA. We used fragment units to mimic the HindIII restriction fragmentation. If a HindIII fragment is shorter than five beads (∼13.5 kb), it is represented by one fragment unit. The HindIII fragments longer than five beads are divided into multiple fragment units. Each fragment unit is modeled as a rigid body with a maximum of five beads. We call the last bead in each unit a node, and the node number is used as the identifier of the unit (Figure [2A](#F2){ref-type="fig"}). In total, we obtain 54 rigid fragments with different lengths, where the maximum length of the unit is kept at five beads to conform with the chromatin bending property, which corresponds to a persistence length of 150 nm. An alternative approach to model persistence length is that of ([@B27]), where an explicit bending energy is introduced so that a distribution of bending angles that conform to known persistence length of chromatin is obtained.

![Mapping 5C interactions onto nC-SAC model chromatin chains, identifying non-specific interactions, and predicting novel interactions between genomic elements in α-globin locus. (**A**) Mapping the 500 kb α-globin locus and 5C interactions onto the C-SAC polymer model of chromatin chain. Up and down arrows in the linear diagram of the α-globin locus represent reverse and forward primers at ends of HindIII fragments ([@B29]), respectively. Fragments between primer sites 25 and 32 are enlarged to demonstrate details of the C-SAC model. Alternating fragments are shown in pink and yellow. HindIII fragments are mapped onto fragment units, with which bending can occur at the primer sites (darker blue) or every 6-th bead (pink) for fragments mapped onto one or more units. Ensemble of random C-SAC chromatin chains are generated through chain-growth one bead at a time in a confined sphere representing the cell nucleus ([@B40]). Representative partial and full C-SAC chains in spherical confinement are shown. (**B**) All reported 5C interactions between elements in the α-globin locus ([@B29]). (**C**) Remaining significant 5C interactions after non-specific interactions are excluded. (**D**) Comparison of statistically significant 5C interactions (red circle) and interactions predicted by the nC-SAC model (beige circles). The numbers of 5C interactions captured by nC-SAC are in bold, and those not captured are in parenthesis. Among predicted interactions (beige circles), many are novel predictions (in italic) that are not measured in the original 5C study.](gkx784fig2){#F2}

Stage 1: Identification of specific physical interactions {#SEC2-2}
---------------------------------------------------------

We first discard 5C interactions associated with short (\<2.7 kb) fragments as they are considered to be unreliable ([@B42]). We also discard interactions between consecutive fragments as they are likely due to proximity effects ([@B2]). An ensemble of 100,000 randomly folded polymer chains that have the same physical properties as α-globin locus (53 nodes, 183 monomers) are generated inside a confined space of nucleus using previously described C-SAC model ([@B40]) to asses the statistical significance of each 5C interaction. The size of the confined space is that the volume of 500 kb length DNA would occupy, which is calculated to be proportional to a diploid human nucleus. Following experimentally determined threshold ([@B19]), any two nodes with distance less than 80 nm is considered to be in contact. After normalization and calculation of propensity for each interaction (see [Supplementary Methods](#sup1){ref-type="supplementary-material"}), the *p*-value for each 5C interaction is calculated by bootstrapping the random ensemble 1000 times. After a correction of multiple hypothesis testing through the FDR ([@B43]) analysis with an α = 0.05, any interaction that passes the FDR is considered to be a specific interaction. We use a simple Gaussian function to convert propensity of each significant interaction into a spatial distance between nodes ([Supplementary Methods](#sup1){ref-type="supplementary-material"}).

Stage 2: Significant 5C interactions as physical constraints {#SEC2-3}
------------------------------------------------------------

The nC-SAC model is an extension of the C-SAC model, where *n* spatial distances ($\documentclass[12pt]{minimal}
\usepackage{amsmath}
\usepackage{wasysym} 
\usepackage{amsfonts} 
\usepackage{amssymb} 
\usepackage{amsbsy}
\usepackage{upgreek}
\usepackage{mathrsfs}
\setlength{\oddsidemargin}{-69pt}
\begin{document}
}{}$d^{5C}_{cell}(i,j)$\end{document}$) are used additionally as constraints in the geometrical Sequential Importance Sampling procedure of the original C-SAC method during the chain growth process ([@B40],[@B44]--[@B48]). The configuration $\documentclass[12pt]{minimal}
\usepackage{amsmath}
\usepackage{wasysym} 
\usepackage{amsfonts} 
\usepackage{amssymb} 
\usepackage{amsbsy}
\usepackage{upgreek}
\usepackage{mathrsfs}
\setlength{\oddsidemargin}{-69pt}
\begin{document}
}{}${\mbox{x}}$\end{document}$ of a full chromatin chain with *N* nodes, with the location of the *i*-th node denoted as $\documentclass[12pt]{minimal}
\usepackage{amsmath}
\usepackage{wasysym} 
\usepackage{amsfonts} 
\usepackage{amssymb} 
\usepackage{amsbsy}
\usepackage{upgreek}
\usepackage{mathrsfs}
\setlength{\oddsidemargin}{-69pt}
\begin{document}
}{}$x_i=(a_i,b_i,c_i)\in \mathbb {R}^3$\end{document}$, is: $\documentclass[12pt]{minimal}
\usepackage{amsmath}
\usepackage{wasysym} 
\usepackage{amsfonts} 
\usepackage{amssymb} 
\usepackage{amsbsy}
\usepackage{upgreek}
\usepackage{mathrsfs}
\setlength{\oddsidemargin}{-69pt}
\begin{document}
}{}${\mbox{x}}= (x_1, \cdots , x_N).$\end{document}$ Our goal is to generate chromatin conformations that maximize the target distribution $\documentclass[12pt]{minimal}
\usepackage{amsmath}
\usepackage{wasysym} 
\usepackage{amsfonts} 
\usepackage{amssymb} 
\usepackage{amsbsy}
\usepackage{upgreek}
\usepackage{mathrsfs}
\setlength{\oddsidemargin}{-69pt}
\begin{document}
}{}$\pi ({\mbox{x}})$\end{document}$, which reflects the extent constraints identified in Stage I are satisfied. Our target distribution $\documentclass[12pt]{minimal}
\usepackage{amsmath}
\usepackage{wasysym} 
\usepackage{amsfonts} 
\usepackage{amssymb} 
\usepackage{amsbsy}
\usepackage{upgreek}
\usepackage{mathrsfs}
\setlength{\oddsidemargin}{-69pt}
\begin{document}
}{}$\pi ({\mbox{x}})$\end{document}$ is the distribution of chromatin chains, in which the spatial distances $\documentclass[12pt]{minimal}
\usepackage{amsmath}
\usepackage{wasysym} 
\usepackage{amsfonts} 
\usepackage{amssymb} 
\usepackage{amsbsy}
\usepackage{upgreek}
\usepackage{mathrsfs}
\setlength{\oddsidemargin}{-69pt}
\begin{document}
}{}$d^{pred}_{cell}(i,j)$\end{document}$ between nodes *i* and *j* are equal to the spatial distances derived from significant 5C interaction frequencies ( $\documentclass[12pt]{minimal}
\usepackage{amsmath}
\usepackage{wasysym} 
\usepackage{amsfonts} 
\usepackage{amssymb} 
\usepackage{amsbsy}
\usepackage{upgreek}
\usepackage{mathrsfs}
\setlength{\oddsidemargin}{-69pt}
\begin{document}
}{}$d^{5C}_{cell}(i,j)$\end{document}$), while ensuring the self-avoiding property. To generate a chromatin chain, we grow the chain one node at a time, by using a *k* = 640-state off-lattice discrete model ([@B40],[@B44]--[@B48]). The new node added to a growing chain with the current node located at *x*~*t*~ is placed at *x*~*t*\ +\ 1~, which is a fragment unit *L*~*p*~ distance away from *x*~*t*~. *x*~*t*\ +\ 1~ is taken from one of the unoccupied *k*-sites neighboring *x*~*t*~ according to a probability distribution that favors the $\documentclass[12pt]{minimal}
\usepackage{amsmath}
\usepackage{wasysym} 
\usepackage{amsfonts} 
\usepackage{amssymb} 
\usepackage{amsbsy}
\usepackage{upgreek}
\usepackage{mathrsfs}
\setlength{\oddsidemargin}{-69pt}
\begin{document}
}{}$d^{pred}_{cell}(i,j)=d^{5C}_{cell}(i,j)$\end{document}$ and the self-avoiding property, namely, *x*~*i*~ ≠ *x*~*j*~ for all *i* ≠ *j*. As satisfying the $\documentclass[12pt]{minimal}
\usepackage{amsmath}
\usepackage{wasysym} 
\usepackage{amsfonts} 
\usepackage{amssymb} 
\usepackage{amsbsy}
\usepackage{upgreek}
\usepackage{mathrsfs}
\setlength{\oddsidemargin}{-69pt}
\begin{document}
}{}$\lbrace d^{5C}_{cell}(i,j) \rbrace$\end{document}$ constraints where (*i, j*) pairs are far away in genomic distance is extremely challenging, we introduce a look-ahead biasing strategy to select the (*i, j*) pair from available empty neighboring sites that do not have constraints. We keep track of this bias and assign each successfully generated chain a proper weight $\documentclass[12pt]{minimal}
\usepackage{amsmath}
\usepackage{wasysym} 
\usepackage{amsfonts} 
\usepackage{amssymb} 
\usepackage{amsbsy}
\usepackage{upgreek}
\usepackage{mathrsfs}
\setlength{\oddsidemargin}{-69pt}
\begin{document}
}{}$w({\mbox{x}})$\end{document}$, which is calculated as the deviation of sampling distribution with respect to the target distribution $\documentclass[12pt]{minimal}
\usepackage{amsmath}
\usepackage{wasysym} 
\usepackage{amsfonts} 
\usepackage{amssymb} 
\usepackage{amsbsy}
\usepackage{upgreek}
\usepackage{mathrsfs}
\setlength{\oddsidemargin}{-69pt}
\begin{document}
}{}$\pi ({\mbox{x}})$\end{document}$ ([@B40],[@B49]--[@B50]). While bias is introduced to increase the sampling efficiency, it generates chains that diverge from the target distribution. Therefore, the weight of a successfully generated chain is used for correcting the bias introduced. This weight is calculated using [Supplementary Equation (8)](#sup1){ref-type="supplementary-material"}. More details of biasing by look-ahead can be found in ([@B49],[@B50]).

RESULTS {#SEC3}
=======

Identifying specific 5C interactions {#SEC3-1}
------------------------------------

During the construction of 3C chromatin libraries, formaldehyde treatment can covalently link genomic elements within certain spatial distances, regardless whether specific interactions exist ([@B37]). A significant number of such interactions arise from the self-avoiding nature of chromatin chains confined in the crowded cell nucleus ([@B40],[@B22]). As loci from different chromosomes can coexist inside the cell nucleus, the nuclear confinement as well as the excluded volume effects result in limited available space for individual locus. We hypothesized that many 5C interactions are of non-specific nature, while others are specific in the sense that they correspond to certain architectural constraints. In a first stage, we identify such specific and non-specific interactions. We generated an ensemble of 100,000 random C-SAC chains ([@B40]) (Figure [2A](#F2){ref-type="fig"}). Without *a prior* information, we assume the 500 kb (5 × 10^5^ bp) α-globin locus occupies (5 × 10^5^)/(6 × 10^9^) of the available space of ∼7.5^3^ μm^3^ inside an average cell nucleus of ∼10^3^ μm^3^ with a diploid human genome size of 2 × 3 × 10^9^ bp. This corresponds to a sphere of a diameter of 330 nm.

We bootstrap the chains in the random ensemble to generate 1000 ensembles of 100,000 C-SAC chains and calculate the probabilities of observing the same normalized 5C interaction frequencies in these random ensembles and used these probabilities as *P*-values, which are then subject to correction of multiple hypothesis testing at the False Discovery Rate (FDR) of α \< 5% (see [Methods and Supplementary](#sup1){ref-type="supplementary-material"} for more details). A total of 293 of 425 experimentally captured 5C-interactions (77%) in the GM12878 cell line and 284 of 367 5C-interactions (87%) in the K562 cell line are not statistically significant and are therefore considered to be non-specific and not used as spatial constraints (Figure [2B](#F2){ref-type="fig"} and [C](#F2){ref-type="fig"}). Only 23% and 13% of the 5C interactions are found to be significant in the GM12878 and K562 cell lines, respectively. Recognizing that the available space may not be perfectly spherical, we use a stringent FDR criteria to ensure that we only identify the most significant interactions, which will be present even if there are deviations from the ideal spherical shape. Our explorations showed that imposing more stringent criteria of α = 0.01 would result in excluding only one more interaction for each of the cell lines.

We then asked whether the 5C interactions identified as specific are generally consistent with the overall observation of long-range chromatin interactions of the locus. Interactions of α-globin gene with its enhancer HS40, as well as interactions with neighboring hypersensitive sites HS48 and HS46 were identified as key factors determining the expression levels of α-globin gene in globin expressing mouse cells in prior knock-out and 3C studies ([@B51],[@B52]). We found that pairwise interactions between the α-globin gene and the regulatory elements HS40, HS46 and HS48 are among the specific interactions ([Supplementary Figure S1](#sup1){ref-type="supplementary-material"}). Moreover, ChIP-Seq experiments ([@B53]) reveal that these nodes contain RNAPII peaks ([Supplementary Figure S5](#sup1){ref-type="supplementary-material"}). Additional ChiA-PET experiments ([@B38],[@B39]) reveal that those interactions are likely mediated by RNAPII ([Supplementary Table S2](#sup1){ref-type="supplementary-material"}, between node pairs 11--22 and 12--22), CTCF ([Supplementary Table S4](#sup1){ref-type="supplementary-material"}, between node pairs 11--22, 12--22 and 13--22) as well as RAD21 (cohesin) ([Supplementary Table S5](#sup1){ref-type="supplementary-material"}, between node pairs 11--21 and 12--21).

A few specific interactions drive the formation of majority of 5C contacts {#SEC3-2}
--------------------------------------------------------------------------

In Stage 2, 3D structural models of the α-globin locus that satisfy 5C interactions identified as specific are generated using nC-SAC method. Following previous studies ([@B6],[@B29],[@B30],[@B33]) as well as experimental observations ([@B41]), we assume an inverse relationship between 5C frequencies and spatial distances, and employ a simple half-Gaussian model to map frequencies of significant 5C interactions to spatial distances between nodes (detailed in Materials and Methods and SI). These spatial distances are then regarded as physical constraints that the 3D chromatin chains need to satisfy. Two separate ensembles of 10,000 chromatin chains of the α-globin locus are then generated for the GM12878 and the K562 cell lines ([Supplementary Figure S2](#sup1){ref-type="supplementary-material"}).

The α-globin chromatin ensembles generated using the specific 5C interactions miss only two interactions out of 425 5C interactions in the GM12878 cell line and miss only two interactions out of 367 5C interactions in the K562 cell line. That is, 99% of all 5C interactions are captured in the constructed 3D ensembles. To further analyze the biologically specific interactions in the predicted 3D ensemble, we discarded any interaction that are present in the random C-SAC ensemble with high probability by using the same bootstrapping technique of Stage I at the FDR level of 5%.

We assessed how well the specific interactions of generated 3D ensembles of chromatin chains satisfy the constraints imposed, we found that they capture 78 (94 %) and 113 (86 %) of the imposed significant 5C interactions for K562 and GM12878 cell lines, respectively (Figure [2D](#F2){ref-type="fig"}). Further investigation showed that 74 and 122 additional interactions not imposed as constraints are also re-captured as a consequence of imposed constraints. When all 5C interactions are considered, nC-SAC identifies 41% and 55% of them as specific for K562 and GM12878 cell lines, despite that only a small fraction (13--23%) of them are used as constraints. Here captured interactions in the nC-SAC ensemble are interactions between nodes identified to have distances below the 80 nm threshold and with significantly higher propensity compared to random ensemble at the level of 5% FDR rate. These observations suggest that while our conservative approach for excluding non-significant interactions are stringent and only the most significant interactions are imposed as constraints, 3D ensembles of chromatin chains generated by nC-SAC can uncover many additional 5C interactions that are physical and may be biologically relevant.

These results also shows that 13--23% of the raw 5C interactions are adequate to give rise to additional 30% of the 5C interactions. That is, formation of a number of experimentally captured interactions is driven by a small number of specific interactions. Furthermore, the predicted chromatin chains of the α-globin locus exhibit many novel interactions not present in the original 5C data (278 and 301 interactions in the GM12878 and K562 cell lines, respectively).

### nC-SAC uncovers structural differences of α-globin locus {#SEC3-2-1}

There are global structural differences in the organization of the α-globin gene locus between K562 and GM12878 cells, as seen in the heatmaps of spatial interactions from predicted α-globin chains (Figure [3A](#F3){ref-type="fig"}). Overall, α-globin locus of the silent GM12878 cell line forms a single compact chromatin globule. In contrast, chains of the active K562 cell line are extended, forming two non-interacting globules, which exhibit two separate domains in the heatmap (Figure [3A](#F3){ref-type="fig"}). These findings are consistent with previous results ([@B29]). Additional global and local structural differences have been captured using a density based clustering algorithm ([@B54]) ([Supplementary Methods](#sup1){ref-type="supplementary-material"}). Two types of partitioning of the ensemble of 3D chromatin chains of each cell line into clusters based on (i) the radius of gyration of the model chromatin chains and (ii) the root mean square deviations derived from corresponding pairwise distances between two within-chain nodes are performed to provide information on global heterogeneity of chromatin chains based on their openness or compactness as well as how well chromatin chains in the ensemble maintain detailed 5C interactions that may be necessary for gene expression.

![Ensembles of predicted 3D chromatin chains of the α-globin locus. Interactions between genomic elements of the α-globin locus from predicted structural ensembles of 10 000 chromatin chains in the silent GM12878 and the active K562 cell lines. (**A**) Heatmaps of spatial interactions of α-globin locus including raw 5C counts, most significant 5C counts after exclusion of non-specific interactions upon FDR correction, and interactions from the modeled structural ensembles. The normalized frequency of *i*--*j* interactions is color coded. Red intensity indicates increased frequency. (**B**) The histogram (top) shows the proportion of structures associated with different structural clusters (K562, blue; GM12878, red), when clustered by the differences in radius of gyration between the chains. The predominant three dimensional structures associated with structural clusters 1 and 2 are also shown for both cell lines. (**C**) The histogram (top) shows the proportion of structures associated with different structural clusters (K562, blue; GM12878, red), when clustered by the pairwise differences between nodes of modeled chromatin chains. The predominant three dimensional structures associated with structural clusters 1 and 2 are also shown for both cell lines.](gkx784fig3){#F3}

The global clustering results showed that the ensemble of the non-expressing GM12878 cell line is homogeneous in radius of gyration with overall a small number of clusters (a total of ∼26), with the most populated cluster accounting for ∼85% of the chromatin chains in the ensemble. In contrast, the ensemble of the α-globin expressing K562 cell line is globally diverse and contain many clusters (a total of ∼299) with most prominent cluster accounting for only \<1% of the whole ensemble (Figure [3B](#F3){ref-type="fig"}). When the second type of clustering is performed, the ensemble of the α-globin expressing K562 cell line is remarkably homogeneous with overall a small number of clusters (a total of ∼13), with the most populated cluster accounting for ∼97% of the chromatin chains in the ensemble. In contrast, the ensemble of the non-expressing GM12878 cell line is diverse in detailed local interactions, with many different clusters (a total of ∼148), with the most prominent cluster accounts for only ∼24% of the whole ensemble (Figure [3C](#F3){ref-type="fig"}). These results emphasize the compactness of the 3D chains in the non-expressing cell line and the openness of the 3D chains in the expressing cell lines, consistent with previous results ([@B29]). Our results also indicate that there are significant differences in subpopulation heterogeneity of chromatin chains in local interactions between the two cell lines.

### nC-SAC predicts novel interactions mediated by CTCF, RNAPII and RAD21 proteins {#SEC3-2-2}

In the context of the constraints originating from the specific frequencies, we predict the existence of additionally 504 and 457 long-range interactions in the α-globin locus for GM12878 and K562 cell lines, respectively. These specific interactions are observed significantly more often in the nC-SAC ensemble compared to the random C-SAC ensemble at the FDR level of 5%. To determine the biological relevance of these interactions, which are not imposed as constraints, we examined results from two independent ChIA-PET studies of K562 cells ([@B38],[@B39]) and a ChIA-PET study of GM12878 cells ([@B39]). These ChIA-PET studies revealed looping interactions in the α-globin locus mediated through RNAPII, CTCF and RAD21 binding, as well as interactions associated with histone modifications ([@B38],[@B39]).

Among the 68 RNAPII-mediated interactions in K562 cells detected by ChIA-PET ([@B38]) (Figure [4A](#F4){ref-type="fig"}, blue circle in the Venn diagram and Figure [4](#F4){ref-type="fig"}B1, blue and gray arcs), 33 are also predicted by nC-SAC (Figure [4A](#F4){ref-type="fig"}, orange circle). Notably, 21 of the 33 predicted interactions are novel interactions absent in the 5C measurements (Figure [4](#F4){ref-type="fig"}B2, red arcs) and 12 are interactions captured by 5C measurements (Figure [4](#F4){ref-type="fig"}B3, green arcs). Among the 35 RNAPII-mediated interactions undetected by nC-SAC (Figure [4](#F4){ref-type="fig"}B1, gray arcs), 26 have no primer coverage and therefore are not reflected in the 5C data. The remaining 9 RNAPII-mediated interactions have low or no 5C interactions, imposing very weak constraints for our model. A separate ChIA-PET study ([@B39]) revealed two more RNAPII mediated interactions between α-globin gene (node 21) and HS40 (node 12), which are also predicted by nC-SAC and are present in 5C measurements ([Supplementary Table S1](#sup1){ref-type="supplementary-material"}).

![Predicting novel interactions between genomic elements in α-globin locus and validation of their biological relevance. **(A, C, E, G**) Comparing looping interactions detected by ChIA-PET ([@B38]) and nC-SAC 3D ensemble predicted interactions in K562 cells. The Venn diagrams show ChIA-PET measured (blue circles) and nC-SAC predicted (orange circles) interactions. (**B1, D1, F1, H1**) The circos diagrams show interactions detected by ChIA-PET (blue arcs for captured interactions by 3D model and gray arcs for interaction that are absent in the 3D model), (**B2, D2, F2, H2**) nC-SAC predicted interactions detected by ChIA-PET but absent in 5C (red arcs), (**B3, D3, F3, H3**) interactions predicted by nC-SAC and captured by the 5C and ChiA-PET techniques (green arcs).](gkx784fig4){#F4}

We also examined CTCF-mediated interactions in K562 cells detected by ChIA-PET ([@B38]). Among the 11 reported interactions (Figure [4C](#F4){ref-type="fig"}, blue circle in the Venn diagram and Figure [4](#F4){ref-type="fig"}D1, blue and gray arcs) ([@B38]), eight are predicted by the nC-SAC model (Figure [4C](#F4){ref-type="fig"}, orange circle). Of those, six are absent in the 5C measurements (Figure [4](#F4){ref-type="fig"}D2, red arcs) and two interactions are captured in 5C measurements (Figure [4](#F4){ref-type="fig"}D3, green arcs). The three CTCF-mediated interactions detected by ChiA-PET but undetected by nC-SAC (Figure [4](#F4){ref-type="fig"}D1, gray arcs) either have no 5C frequency or have no primer coverage, hence impose no constraints for our model.

In addition, we examined RAD21-mediated interactions in K562 cells detected by a recent ChIA-PET study ([@B39]). Among the eight reported interactions (Figure [4E](#F4){ref-type="fig"}, blue circle in the Venn diagram and Figure [4](#F4){ref-type="fig"}F1, blue and gray arcs), five are predicted by the nC-SAC model (Figure [4E](#F4){ref-type="fig"}, orange circle), three of them are novel interactions that are absent in 5C measurements (Figure [4](#F4){ref-type="fig"}F2, red arcs) and two interactions are captured in 5C measurements (Figure [4](#F4){ref-type="fig"}F3, green arcs). The three RAD21-mediated interactions detected by ChiA-PET but undetected by nC-SAC (Figure [4](#F4){ref-type="fig"}F1, gray arcs) have no 5C coverage, imposing no constraints for our model.

We further examined RAD21-mediated interactions in the silent GM12878 cells detected by a ChIA-PET study ([@B39]). Among the four reported interactions (Figure [4G](#F4){ref-type="fig"}, blue circle in the Venn diagram and Figure [4](#F4){ref-type="fig"}H1, blue and gray arcs), three are predicted by the nC-SAC model (Figure [4G](#F4){ref-type="fig"}, orange circle), including one novel interaction absent in the 5C study (Figure [4](#F4){ref-type="fig"}H2, red arcs), as well as two interactions captured by 5C (Figure [4](#F4){ref-type="fig"}H3, green arcs). The only undetected interaction (Figure [4](#F4){ref-type="fig"}H1, gray arcs) has no 5C coverage, imposing no constraints for our model.

Overall, our nC-SAC method has predicted 52% of the 68 RNAPII-mediated interactions, 75% of the 11 CTCF-mediated interactions, 62% of the 8 RAD21-mediated interactions in K562 cell line, 86% of the 7 interactions that are associated with histone modifications in K562 cell line, and 80% of the 5 RAD21-mediated interactions in GM12878 cell line ([Supplementary Tables S1--S6](#sup1){ref-type="supplementary-material"}). In total, 89 interactions are detected by ChiA-PET in K562 cell line and 52 of them are among 457 predicted significant interactions. To assess the significance of the functional enrichment of predicted interactions, we constructed a null model, where the position of the functional pairs are randomly redistributed using the same 3D ensemble of chromatins chains constructed under the same 5C constraints. Among the 100,000 instances of random redistributions of the 89 ChIA-PET detected interactions, the *P*-value of 52 or more interactions are identified as significant by nC-SAC is small (*P* \< 10^−5^, [Supplementary Figure S3](#sup1){ref-type="supplementary-material"}). These results suggest that our predicted interactions are indeed functional interactions and are specifically located with respect to the 5C constraints.

### nC-SAC predicts novel interactions associated with concurrent histone modifications {#SEC3-2-3}

We then examined the interactions that are found to be associated with histone modifications in K562 cells in a recent ChIA-PET study ([@B39]). Among the seven reported interactions, six of them are predicted by nC-SAC model, three of them are novel interactions that are absent in 5C measurement, and three of them are captured by the 5C study. The only undetected interactions has no 5C coverage ([Supplementary Table S1](#sup1){ref-type="supplementary-material"}).

Our results are consistent with the finding that the positioning of functional genomic elements in chromatin loops are important for the regulation of gene expression ([@B55]). Our results are also consistent with the importance of specific positioning of CTCF with respect to functional genomic elements ([@B15]). Furthermore, our results suggest that some of the small number of interactions used as input constraints in constructing nC-SAC models may function as driver interactions, whose introduction result in the formation of specific interactions among functional sites.

### nC-SAC predicts detailed 3D structural interactions {#SEC3-2-4}

Expression of the α-globin gene is thought to be regulated through enhancer-promoter interactions ([@B29]). In accord, the interaction between the α-globin gene and enhancers HS40/46/48 are found in 90% of predicted chains of the active K562 cells. This is expected, as the interaction between the α-globin gene and enhancers HS40/46/48 are identified in Stage I and imposed in Stage II. However, this represents an increase by a factor of only 1.29 compared to the silent GM12878 cells, as this interaction is also present in 69.8% of predicted chains of the GM12878 cells (Figure [5A](#F5){ref-type="fig"}). Our finding is consistent with a previous ChIA-PET study, in which interactions between HS40 and α-globin gene is found to be mediated by RAD21 in the silent GM12878 cell line (Figure [4G](#F4){ref-type="fig"} and [H](#F4){ref-type="fig"}) ([@B39]). These observations indicate that α-globin promoter-enhancer interactions alone do not determine the expression level and additional regulatory elements may be at play.

![Three-way interaction of POL3RK:α-globin gene:enhancers is likely a unique feature in the non-expressing GM12878 cells. (**A**) Pie charts depicting the percentages of the ensembles that have two way (α-globin:enhancer, in light green) and three-way (POL3RK:α-globin gene:enhancers, in dark green) interactions in both GM12878 and K562 cell lines. (**B**) The spatial structures of α-globin locus chromatin were reconstructed from nC-SAC predicted 3D chromatin chains, with the enhancers HS40/46/48 (red), POL3RK (orange), and the α-globin gene (blue) depicted. The structures shown are drawn from the most populated clusters of GM12878 and K562 cells. (**C**) A schematic representation of the three-body interaction of α-globin gene (blue), enhancer (red), POL3RK (orange) observed in GM12878 cells. (**D**) The spatial distances between the enhancers HS40/46/48 (red), POL3RK (orange), and the α-globin gene (blue) of the three-way interaction unit in the representative structure depicted in (B).](gkx784fig5){#F5}

We examined nC-SAC predicted 3D structures for K562 and GM12878 cells to assess the presence of other looping interactions, which may regulate α-globin expression (Figure [5A](#F5){ref-type="fig"}--[D](#F5){ref-type="fig"}). While it is difficult to compare absolute interaction frequencies between cell lines, we can compare the relative fractions of chromatin chains containing specific interactions in each cell line.

We first identify spatial interactions that both α-globin gene and enhancers participate concurrently in the two cell lines ([Supplementary Figure S4](#sup1){ref-type="supplementary-material"}). This allowed us to further examine higher-order interactions involving other nodes beyond α-globin and enhancers, but occurring exclusively in one cell line only. We overlapped epigenetic profiles of each of these differentially interacting nodes and identified those that are associated with epigenetic marks ([Supplementary Figures S4 and S5](#sup1){ref-type="supplementary-material"}). From this analysis, our nC-SAC study predicts that the POL3RK gene engages in a three-way interaction with the α-globin gene and enhancers in 70% of α-globin chromatin structures from GM12878 cells. In contrast, the POL3RK gene has a much lower three-way interaction frequency (18%) with the α-globin gene and enhancers in K562 cells (Figure [5A](#F5){ref-type="fig"}). The predicted interaction between POL3RK and enhancers was not detected in the original 5C study due to primer design strategy. ([@B29]). With explicitly generated 3D structures, we can measure the exact Euclidean distances between genomic elements in individual chains and can calculate their ensemble averages. We found chains from GM12878 cells with POL3RK:α-globin:enhancers three-body interaction all have average pairwise distances between elements (50.1 ± 20 nm, 62.4 ± 18 nm, and 80.0 ± 5nm) shorter or near the threshold of interaction (∼80 ± 5 nm) given in previous studies ([@B19]) ([Supplementary Table S7](#sup1){ref-type="supplementary-material"}, Figure [5D](#F5){ref-type="fig"}). In contrast, the averaged spatial distances of POL3RK:α-globin (∼135 ± 20 nm) and POL3RK:enhancers (∼140 ± 18 nm) in active K562 cells are both much longer than this threshold ([Supplementary Table S7](#sup1){ref-type="supplementary-material"}).

We speculate that the three-way looping interaction of POL3RK with the α-globin gene and enhancers may occlude access of transcription factors to the α-globin transcriptional elements, thus silencing the α-globin expression (Figure [5B](#F5){ref-type="fig"}--[D](#F5){ref-type="fig"}). This denial of access could be aggravated when transcription factors bound to the POL3RK gene occupies much of the available space. This scenario is consistent with epigenetic data, in which POLR3K in the silent GM12878 cells is enriched for transcription factors binding Pu.1 and Sp1 and for histone modifications H2A.Z and H3Kme2, both of which are related to transcriptional activation ([Supplementary Figure 5](#sup1){ref-type="supplementary-material"}) ([@B53]). Furthermore, it is also consistent with the observed lack of H3K4me2 modifications on α-globin enhancers in the silent cells, which is related to abundance of transcription factor binding, as well as with the lack of RNAPII enrichment, which is related to absence of gene expression ([Supplementary Figure S5](#sup1){ref-type="supplementary-material"}).

DISCUSSION {#SEC4}
==========

We describe the nC-SAC method that can transform 2D maps of Chromosome Conformation Capture frequencies of interactions into a population of 3D chromatin chains. Our method identifies the most significant spatial interactions, overcomes the sampling problem, and generates a large number of properly sampled self-avoiding chromatin chains that satisfy constraints imposed by 5C interactions. Although its resolution is limited to that of the HindIII fragments in this study (5--13 kb) and no direct information is provided on chromatin dynamics, this method enables us to examine structural properties of the α-globin locus, allowing structural and distance measurements at the population level in a manner consistent with the basic requirement of the physical chromatin chains and the 5C interactions.

While the structures of α-globin locus based on 5C interactions were modeled in the original 5C paper ([@B29]), there were several questions remained unanswered in this early study. First, the expected interactions were determined by the method of LOESS smoothing ([@B29]), which requires availability of 5C interaction frequencies at each interval of genomic distance. Due to the sparsity of the HindIII fragments, obtaining an adequate sample size for accurate LOESS smoothing is challenging. This affects the accuracy of structural modeling. For example, Bau *et al.* predicted that the interactions between HS40 and α-globin gene in GM12878 cell line is as would be expected by the LOESS smoothing. However, a recent ChiA-PET data found the interaction between HS40 and α-globin locus as statistically significant and are mediated through RAD21 ([@B39]). Using our stringent FDR criteria, this interaction in GM12878 cell line was found to be significant by nC-SAC, in agreement with the ChiA-PET observations. Second, each HindIII fragment in ref. ([@B29]) was modeled as a single sphere whose size is proportional to its genomic length. This resulted in enormous beads with unrealistic excluded-volumes at places in the polymer model. For example, a HindIII fragment that contains 30kb DNA would correspond to a bead ∼300 nm according to ([@B29]). It also prevented the prediction of detailed interactions beyond the resolution of the 5C data. Third, HS40 and α-globin genes were closely interacting in the locus in K562 cells according to the ([@B29]), but with a distance of 159.1 nm. This is a large distance to be considered for regulatory enhancer-promoter interactions. In contrast, our model predicts an average distance of 68 nm for the interaction between HS40 and α-globin gene in K562 cell line (Figure [5D](#F5){ref-type="fig"}). Overall, by removing the over-constraints of unrealistic bead radii and by improving sampling, our model provides a more accurate description of the ensemble structures of the α-globin locus.

Our results presented here show that non-specific spatial interactions arising from nuclear confinement and excluded volume effect have significant occurrence in 5C measurements, as up to ∼70--90% of 5C interactions can be accounted for when self-avoiding chromatin chains are confined in the available space of the crowded nucleus. To guard against false positives, we focus on long-range interactions detected with the strongest statistical confidence. As this strategy is rather conservative, a portion of the 5C interactions that are temporarily excluded appear subsequently in the constructed 3D ensemble structures, likely resulting from constraints from the stronger interactions and the confinement of the self-avoiding chromatin chains. While the reappearance of such interactions in our model does not guarantee that we can detect all functionally relevant moderate or weak interactions, we recognize that their detection with high precision is an overall challenging task in the field. Furthermore, our approach is not overly sensitive to the choice of parameters such as the diameter of the spherical confinement. While recent studies shows that the spatial confinement is a major determinant of the genome organization ([@B22],[@B40]), as much of the scaling rules including the exponent of looping probability can be explained by the confinement of the self-avoiding chromatin chains, the scaling exponent α changes only slowly as the nuclear diameter in the relevant size regime changes ([@B40]). Therefore with stringent False Discovery Rate, moderate changes in nuclear diameter and deviations from the spherical shape are unlikely to affect the identification of the most significant 5C interactions.

Our model reveals that even though the chromatin chains adopt varying degrees of compactness, important interactions are consistently observed. These interactions appear broadly in the configurations of chromatin chains in the active cell line. This finding suggests a common detailed structural scaffold in the active cell line that is required for α-globin expression. The nC-SAC model further allows structural examination of subpopulations of chromatin chains adopting different configurations. As demonstrated by recent single cell studies, cells with identical hormonal stimulation may exhibit diverse levels of gene expression, highly expressed genes at the population level may exhibit bimodal distributions, and epigenetic modifications may be highly heterogeneous ([@B56]--[@B58]). Access to 3D chromatin structures of subpopulations of cells will help to gain understanding of the structural diversity of chromatin chains associated with the heterogeneity of gene expression and epigenetic modifications.

Our method can make many detailed predictions of spatial interactions between distant genomic elements, some of which are validated by available ChIA-PET studies. Excluding locations that lack 5C coverage or locations where ChIA-PET and 5C measurements disagree, our model recovered all remaining RNAPII, CTCF, and RAD21 mediated long-range chromatin interactions, as well as interactions associated with concurrent histone modifications. While we cannot extrapolate to declare all novel interactions predicted by our model are biologically important, the overall validation by ChIA-PET suggests that our method can make detailed predictions that are biologically relevant. Additional experimental investigations with higher resolution (\<100 kb) than 3D-FISH analysis are required for further validation of our predictions.

Our method can also suggest highly specific and testable mechanistic models of gene regulation. While 5C measurement has identified many important chromatin interactions, details of our predicted chromatin chains suggest a complex many-body mechanism of gene regulation that is beyond a simple gene-enhancer model. Although the α-globin gene and the enhancers HS40/46/48 interact in both cell lines, the enhancers interact strongly with POL3RK in the silent but not in the active cells. As POL3RK is observed to have bound transcription factors, we speculate it may occlude access of enhancers to factors necessary for α-globin activation in the silent cells. This mechanism of gene inactivation through denial-of-access is also consistent with the epigenetic profiles of the enhancers and the POL3RK gene in both cell lines. Analogous to the mechanism of a multi-gene complex for co-transcription, in which the promoter of the first gene acts as an enhancer of the second gene ([@B38]), a multi-gene complex for inactivation may be at play. Since the accessibility of transcription factor binding is a key determinant of gene regulation ([@B59]), the POL3RK gene in this case may act on the enhancers of α-globin gene as a silencer through denial of access of transcription factors. Although these predictions are rather speculative, they can be tested by genetic perturbation of the identified multi-body structural unit. While recent Hi-C studies ([@B60]) can identify chromatin interactions at high resolution, the discovery of this many-body mechanism would not be possible without constructing 3D ensemble of structures due to the pairwise nature of Hi-C technique. Further comparison of our results with the high-resolution (5 kb) Hi-C data showed that 66% and 65% of predicted interactions are found to be statistically significant in Hi-C study of GM12878 and K562 cell lines, respectively. This level of agreement may indicate that our nC-SAC method can leverage low resolution experimental observation and build structures compatible with higher resolution observations. The importance of 3D model of chromatin interactions was also demonstrated in a recent study, where a many-body interactions between Sox9 and Kcnj2 genes were discovered ([@B18]).

Our study also suggests that integrating 3D models of chromatin chains with epigenetic data can reveal mechanistic insight into the regulation of cell activities. While genome-wide epigenetic studies such as CTCF enrichment and histone modification point to potential regulatory elements and suggest possible long-range interactions along the one-dimensional genome ([@B53]), it is challenging to interpret and integrate such information. Recent studies showed that important organizational properties of genome such as the formation of TADs can be inferred from the integration of epigenome data with 3D structure construction ([@B15]--[@B17]). Along this line, by projecting epigenetic data onto predicted 3D chromatin chains, here we have shown that one can gain better understanding of the complex many-body machineries of gene regulation that involves multiple genomic elements.

Our method is general and can be applied to determine configurations of other gene loci. However, successful predictions are limited by the availability, consistency, and resolution of experimental measurements. In addition, while our method can predict novel interactions, such predictions can only be made in neighborhoods with rich contact information. As the density of experimentally captured interactions decreases, successful predictions become less likely. In principle, any 3C and related data (4C/5C/Hi-C) can be used as spatial constraints to infer 3D chromatin ensembles. With additional algorithm development, the nC-SAC method can be further improved so it can generate 3D ensembles of chromatins from high resolution Hi-C data. To incorporate Hi-C data, further improvement in sampling with more elaborated techniques of resampling and rejection control will be necessary to allow studies of longer chromatin chains while incorporating more spatial constraints. In summary, the nC-SAC method can model chromatin structures of gene loci in cell populations and subpopulations with different expression levels. It also provides a new approach for identifying spatial structures and interactions and for assessing their roles in regulating gene activities. These results point to exciting opportunities of leveraging limited and pairwise chromosome conformation capture data through modeling of 3D chromatin structures to gain additional knowledge on long-range interactions. Combined with further genetic manipulation, we expect future studies will lead to novel insight into the spatial organization of the genome.
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